A nonlinear delay differential equation with quadratic nonlinearity,
Introduction
To include oscillation in population model systems, Hutchinson [, ] suggested the following delay logistic equation:
where N(t) is the population size at time t, r >  is the intrinsic growth rate of the population, τ >  and K >  is the carrying capacity of the population.
There are many generalizations and modifications of Hutchinson's equation [-] . In particular, a delay logistic equation with several delays, In the monograph [, p.], the author considers the following population model with quadratic nonlinearity:
where α k > , β > , τ k > , and with the initial condition
where
As can simply be verified, equation () has a unique positive equilibrium
This result is different from almost all known results on the stability for nonlinear delay differential equations since there are no limitations on the parameters of equation (). The proof of Theorem  is based on the method of Lyapunov-Krasovskii functionals.
Consider the nonautonomous equation with quadratic nonlinearitẏ
where α k > , β > , h k : [, ∞) → R are continuous functions such that the inequalities t -τ ≤ h k (t) ≤ t are true for a τ = const, τ > , and r : [, ∞) → (, ∞) is a continuous function satisfying the inequality r(t) ≥ r  = const for an r  > . We suppose also that for any t >  the inequality h k (t) < t holds for at least one k. Together with (), we consider an initial problem
where ϕ : [-τ , ] → R is a continuous function and
It is obvious that equation () is a particular case of equation () if we set
Moreover, it is easy to see that the constant K defined by () defines the unique positive equilibrium . In addition to this, we prove that this solution is a bounded function isolated from zero. Finally, we will extend Theorem  to nonautonomous equation (). Unfortunately, the construction of a Lyapunov-Krasovskii functional for autonomous equation () given in [] to prove Theorem  is not applicable to nonautonomous equation (). Therefore, we use another method based on a special quasi-linearization of a given nonlinear equation.
We will apply the following standard notions given in the definition below.
The equilibrium solution
is globally asymptotically stable if it is a global attractor for all solutions x(t) of equation () defined by all initial functions described by () and if it is also locally stable.
Main results
In this section, we employ a simple stability result to the following linear equation:
with bounded continuous functions
where t -τ ≤ h k (t) ≤ t, τ > , and for any t > , the inequality h k (t) < t holds for at least one k.
Lemma  Assume that there exists a constant a
 >  such that a(t) ≥ a  , t ∈ [, ∞) and lim sup t→∞ m k= |b k (t)| a(t) < .
Then equation () is asymptotically stable.
This result has a long history. The first stability conditions of this kind were obtained by Krasovskii 
, and x(t  ) = . Thenẋ(t  ) ≤ . Directly from equation (), we geṫ
which is a contradiction.
Let lim sup t→c-x(t) = +∞. Then we havė
Corollary . [, p.] implies that x(t) ≤ y(t), where y is a solution of the initial linear probleṁ
Since every solution y of a linear delay differential equation is bounded on any finite interval, x is also bounded on the interval [, c). We have a contradiction. Suppose now lim inf t→c-x(t) = . Then either x is a monotone decreasing function on [t  , c) for some t  ∈ [, c) or there exists a sequence t n ∈ [t  , c) such that
In the first case (without loss of generality, we assume that x is a monotone decreasing function for t ∈ [, c)), lim t→c x(t) = . Hence, x is a solution of (), () on [, c] with x(c) =  and as above, we obtain a contradiction because
Consider now the second case. Then
Let n → ∞. Then t n → c, hence
where for at least one k one has h k (c) < c, and so x(h k (c)) = . We have a contradiction. The theorem is proved.
Theorem  For a solution x of problem (), (),
lim sup t→∞ x(t) < ∞, lim inf t→∞ x(t) > .
Proof Substituting x(t) = y(t) + K , equation () takes the forṁ
Hence,
y(t) ≤ r(t) m k= α k y h k (t) -αy(t) .
Consider the linear equatioṅ
Corollary . [, p.] implies that y(t) ≤ z(t) for t > . Now, we apply Lemma  to equation (). Since
by Lemma , equation () is asymptotically stable. Hence, the function y is bounded from above and consequently is the function x. Suppose lim inf t→∞ x(t) = . Then either x is an eventually monotone decreasing function or there exists a sequence t n ∈ [-τ , ∞) such that t n < t n+ , lim n→∞ t n = ∞,ẋ(t n ) =  and
In the first case (without loss of generality, we assume that x is a monotone decreasing function for t > ), there exists t * >  such that x(t * ) < K . Hence,
This is in contradiction to our assumption. Consider now the second case. Then there exists a sufficiently large integer n such that
We have a contradiction and the theorem is proved.
In the following, when discussing the stability properties of solutions of equation (), we will assume that initial conditions () hold.
Theorem  The positive equilibrium K of equation () is globally asymptotically stable.
Proof We have to prove that K is an attractor for all solutions of the equation and that it also is locally stable. To do this, it is sufficient to prove that the zero solution is an attractor for all solutions of equation () and that it also is locally stable.
Suppose
that x is a fixed solution of equation (). Then y(t) = x(t) -K is a fixed solution of equation (). After substituting y(t) = e
-λt z(t), where λ >  is a sufficiently small number satisfying λ < r  (α + βm), we have an equatioṅ
Since y(t) = e -λt z(t), we can rewrite equation () aṡ
+ βm http://www.advancesindifferenceequations.com/content/2012/1/230
We will now fix such λ. Suppose u is an arbitrary continuous function such that Remark  The proof of Theorem  provides not only global asymptotic stability of the positive equilibrium K , but also exponential estimation of the rate of convergence of solutions. Tracing the proof carefully, we have
where x is a fixed solution of equation (), y(t) is a corresponding solution of equation () and z(t) is a corresponding solution of equation (). Since z(t) is bounded and () holds, we state that for a given solution x = x(t) of equation (), there exists a constant H x such that
where λ is a sufficiently small positive number satisfying λ < r  (α + βm) and t ∈ [-τ , ∞). http://www.advancesindifferenceequations.com/content/2012/1/230
Conclusions, concluding remarks and open problems
It is well known that the positive equilibrium K of the delay logistic equatioṅ In the proof of Theorem , we applied the substitution y(t) = z(t)e -λt with a small parameter λ > . Such kind of substitutions are well known in the investigation of stability of linear equations. Maybe such a substitution is used here for a nonlinear equation for the first time.
The usefulness of asymptotic methods could be exploited to extend other powerful (deterministic) techniques such as the Laplace decomposition method or He's polynomials to deal with difference-differential models (see references [, ] for instance).
A partial case of equation () was considered in [] where also some other delay differential equations with quadratic nonlinearity were studied. 
